This paper studies ordering and pricing problems for new repeat-purchase products. We incorporate the repeat-purchase rate and price effects into the Bass model to characterize the demand pattern. We consider two decision models: (1) two-stage decision model, in which the sales division chooses a price to maximize the gross profit and the purchasing division determines an optimal ordering decision to minimize the total cost under a given demand subsequently, and (2) joint decision model, in which the firm makes ordering and pricing decisions simultaneously to maximize the profit. We combine the generalized Bass model with dynamic lot sizing model to formulate the joint decision model. We apply both models to a specific imported food provided by an online fresh produce retailer in Central China, solve them by Gaussian Random-Walk and Wagner-Whitin based algorithms, and observe three results. First, joint pricing and ordering decisions bring more significant profits than making pricing and ordering decisions sequentially. Second, a great initiative in adoption significantly increases price premium and profit. Finally, the optimal price shows a U-shape (i.e., decreases first and increases later) relationship and the profit increases gradually with the repeat-purchase rate when it is still not very high.
Introduction
When introducing a new repeat-purchase product into the market, the firm faces a complicated demand pattern. First, the new product diffuses in the market and more and more consumers begin to adopt the product. The Bass model assumes that consumers are influenced by two kinds of communication: mass media and word of mouth [1] . The first consumer group is only influenced by mass media (also called "external influence"), while the other group is only influenced by word of mouth (also called "internal influence"). The external influence reflects the initiative of consumers in adopting the new product, while the internal influence characterizes the imitation behavior in adoption. Second, the demand consists of two parts: the trial purchase from the new adopters and the repeat purchase from the existing adopters [2] . Finally, price decisions also influence how the product diffuses [3] . If the firm charges a lower price, it earns less for a unit product but harvests more sales volumes derived from the trial and repeat purchase. Thereby, the firm should get an in-depth understanding of the demand evolution and carefully choose the price level.
The firm can use dynamic lot sizing strategy to deal with dynamic demands derived from the diffusion process, that is, reviewing the inventory periodically and deciding whether to replenish products. The firm makes ordering decisions with regard to the demand at each period, which partly depends on the firm's pricing decisions. Thus, both the ordering and pricing decisions are essential for new repeatpurchase products. We consider two scenarios: (1) two-stage decision scenario, in which the sales division determines a price to maximize the gross profit and the purchasing division makes ordering decisions to minimize the total cost subsequently, and (2) joint decision scenario, in which the firm makes pricing and ordering decisions simultaneously to maximize the profit. In each scenario, we consider how 2 Discrete Dynamics in Nature and Society the new product diffusion patterns and repeat-purchase rate influence ordering and pricing decisions. Usually, the ratio of the internal influence to the external influence has large variation for different products while the sum of these two influences does not [4] . Hence, we focus on the effects of the following two factors: the ratio of internal influence to the external influence and the repeat-purchase rate.
The remainder of the paper is organized as follows. We discuss the relevant literature in the next section. In Section 3, we use dynamic lot sizing model and generalized Bass model to formulate both two-stage and joint decision models. In Section 4, we give an upper and lower bound of the optimal price for both models and develop heuristic algorithms to solve them. We give a case with sensitivity analysis in Section 5 and make concluding remarks in Section 6.
Literature Review
Our study mainly relates to two research domains: the Bass model with price effects and joint inventory and pricing models.
The underlying premise of the Bass model lies in that the probability of adoption of a new product for nonadopters at each period linearly depends on two forces: innovators (or "external influence") and imitators (or "internal influence") [1] . The number of previous adopters positively influences the latter force but has no impact on the former one. The Bass model has both continuous and discrete forms, allowing us to examine product diffusion process under various circumstances [1, 5] . Besides, pricing new products requires a thorough understanding of the complex dynamics associated with product diffusion process [3, 6] . We adopt the discrete form of the Bass model and consider product diffusion in a much broad setting with dynamic lot sizing and pricing decisions. Very few studies combine the Bass model with inventory decisions, except Bilginer and Erhun [7] and Bhattacharya et al. [8] .
This research also closely relates to the growing research stream on joint pricing and inventory management (see the review paper of Yano and Gilbert [9] ). Scholars investigate joint decisions in various setting, such as perishable or substitutable products [10] , noninstantaneous decaying items [11, 12] , backorder [13] , weather-sensitive demand [14] , and demand uncertainty [15] . We contribute to this research stream by considering joint pricing and ordering decisions in the new repeat-purchase product setting.
Ordering and Pricing Models
3.1. Problem Description. We consider a firm selling a new repeat-purchase product in the following periods. The new repeat-purchase product has its own diffusion pattern characterized by the Bass model and also influenced by the price. Thus, the firm makes ordering and pricing decisions based on the understanding of new repeat-purchase product diffusion process. This paper considers two models: (1) two-stage decision model, in which the sales division determines a price to maximize the gross profit and the purchasing division makes ordering decisions subsequently, and (2) joint decision model, in which the firm makes pricing and ordering decisions simultaneously to maximize the profit.
Assumptions and Denotations.
We assume that the consumer purchases at most one unit of the new product at each period and uses the following denotations:
: total periods of the planning horizon;
: index for periods, = 1, . . . , ; ( ): demand at period ; : coefficient of imitation.
Demand.
We use the discrete form of the Bass model with the price effect to describe how the new repeat-purchase product diffuses. The number of the adopters at period is [3, 5] 
The Bass model assumes that consumers are influenced by two kinds of communication: mass media and word of mouth. The first consumer group is only influenced by mass media (also called "external influence"), while the other group is only influenced by word of mouth (also called "internal influence"). Since − ( ) consumers still have not adopted the product by period , the adoption rate at period , ( )/[ − ( )], consists of two parts: represents adoption from those who are only influenced by mass media and ( − 1)/ represents adoption from those who are influenced by the existing adopters that make up a proportion of ( − 1)/ . The last term,
, characterizes the effect of price on product diffusion. When = 0 , ( / 0 −1) = 1. In consequence, and represent the diffusion parameter given price = 0 .
For 2 ≤ ≤ , the demand at period consists of two parts: the trial purchase from new adopters and Discrete Dynamics in Nature and Society 3 the repeat purchase from the cumulative adopters. We further assume that the price influences the trial purchase and repeat purchase in the same way. Thereby, the demand derived from repeat purchase would be ( / 0 −1) ( − 1). When offering very low prices, the firm makes at most all cumulative adopters purchase repeatedly. In consequence, the demand from repeat purchase is min{1, ( / 0 −1) } ( − 1). Thus, the demand at period is
A Two-Stage Decision Model.
In the first stage, the sales division determines an optimal constant price to maximize the gross profit:
The demand is defined as (2) . Thus, the model is
=
The sales division solves the optimal price * and thus determines the demand ( ) = ( , * ). In the second stage, the purchasing division makes ordering decisions to minimize the total cost:
The total cost at period includes the total order cost ( ) ⋅ V( ) + ( ) ⋅ ( ) and the inventory holding cost ℎ( ) ⋅ ( ).
The inventory balance equation is
where ( −1, * ) is the demand at period −1 given price * . We further assume that there is no inventory at the beginning of the planning horizon:
Besides, both inventory level and order size are nonnegative:
Thus, the purchasing division solves the following model:
The decision variable of this model is the order size ( ), V( ), and ( ).
Joint Decision Model.
In the joint decision model, the firm considers pricing and inventory decisions simultaneously to maximize the profit:
The decision variables of this model are the price and V( ), ( ) at each period .
Algorithm
We denote min = min[ ( )] to be the minimum unit order cost over the planning horizon and give an upper and lower bound for the optimal price * by the following lemma.
Lemma 1.
For both the two-stage and joint decision models, the optimal price * satisfies min <
Proof. The firm charges a price at least to make net profit; that is, > 0. On one hand, the price must cover all costs including unit order cost; that is, * > min . On the other hand, the price should ensure the existence of demand; that is, the number of cumulative adopters ∑ =1 ( ) ≥ 1. Since
we have
. Therefore, the optimal price * satisfies min < * < 0 [1 − ln( )/ ] for both the two-stage and joint decision models. Considering the complexity of the new product pricing problems [16] , we develop heuristic algorithms for both models.
Algorithms for the Two-Stage Decision
Model. In the twostage decision model, the firm makes pricing and ordering decisions by two steps. First, the sales division finds an optimal price * to maximize the gross profit = ∑ =1 [ − ( )] ( ) by solving model (4) . Second, the purchasing division determines an optimal ordering decision to minimize the total cost by solving model (9) . We now give algorithms for models (4) and (9) .
We use the following Gaussian Random-Walk search algorithm to solve model (4):
(1) Start with = 1, an initial price , and calculate the gross profit ( ) given the demand ( ) = ( , ). Set the initial best price * = and the initial best gross profit * = ( ).
(2) Draw +1 = + , ∼ (0, 2 ). Jump to Step 3 if
Step 2.
(3) Calculate the gross profit ( +1 ) given the demand ( ) = ( +1 , ).
(4) If ( +1 )/ * > 1, update the best price * = +1 , the best gross profit * = ( +1 ), reset = 1, = * , and jump to Step 2. Otherwise, jump to Step 5.
(6) Consider = + 1. = with probability (move) and one has = −1 with probability 1 − (stay). Update ( ) accordingly. This algorithm stops if the best gross profit * and the best price * have not been improved after random walks. In Step 6,  transits to +1 if ( +1 ) ≥ ( ). Even if ( +1 ) < ( ), transits to +1 with probability . This mechanism automatically seeks out price areas with high gross profit and makes the price walk freely in the interval ( min , 0 [1 − ln( )/ ]). We choose = 1000, = 2, after experiment trials in our numerical case.
We solve model (9) by the Wagner-Whitin algorithm, a classic dynamic lot sizing algorithm proposed by Wagner and Whitin [17] .
Algorithm for the Joint Decision Model.
Since V( ) indicates whether to replenish product at period , we term it as "order policy" to facilitate our algorithm development. Given any price , we are able to know the demand ( ) = ( , ) and thus model (11) becomes the standard dynamic lot sizing model, which could be solved by the Wagner-Whitin algorithm [17] .
We denote the order policy under price as k( ), considering that we can determine the uniquely optimal order policy V( ) for any given . Assume that the firm charges price but uses order policy k( ), the optimal order policy under price . In this case, we can easily solve the order size at each period ( ). We denote (k( ), ) as the profit for charging price but use order policy k( ).
Then, we propose the following algorithm to solve model (11):
(1) Set = 1 and select an initial price, .
(2) Calculate the demands given by ( , ) for = 1, 2, . . . , . Use the Wagner-Whitin algorithm to determine an optimal ordering policy k( ) and the profit (k( ), ).
(3) For the ordering policy k( ) derived in Step 2, use a Gaussian Random-Walk algorithm to find a price Note that the firm should determine both the price and the ordering decisions. Our algorithm keeps one decision (price or ordering policy) unchanged and improves the profit by varying another decision.
Step 3 keeps the order policy k( ) constant and varies the price to improve the profit (k( ), ⋅). Similarly, Step 2 keeps the price constant and adjusts the order policy to improve the profit (⋅, ). Thus, every iteration in the algorithm helps improve the profit .
Discrete Dynamics in Nature and Society 5 Table 1 : Comparison of the optimal pricing and ordering decisions. The stop rule is that there is no improvement in profit Δ = 0 (i.e., Δ < , where = 10 −6 in Step 5). The Gaussian Random-Walk search algorithm in Step 3 is very similar to that in the two-stage decision model, and we only need to replace (⋅) as (k( ), ⋅).
From a practical viewpoint, the price can be only integer multiples of the smallest unit of currency. Therefore, we can also search all integer multiples of the smallest currency unit between min and 0 [1 − ln( )/ ] and find the optimal price. It reports very similar results with Gaussian RandomWalk search algorithm, suggesting the reliability of the latter one. Thus, we only report results obtained from the Gaussian Random-Walk search algorithm in this paper.
Numerical Case
We choose a packaged imported food item called "Zespri Kiwifruit" from Netherlands provided by an online fresh produce retailer in Central China. The unit order cost ( ) = 30 (the currency unit is Chinese Yuan Renminbi (CNY) in our paper), setup cost ( ) = 40000, unit holding cost ℎ( ) = 10, and the number of periods = 12. The retailer charges a regular price 0 = 60, and the repeat-purchase rate = .2, the market potential = 10000, and the price parameter = −3. We set external influence = .02 and internal influence = .4 as suggested by Sultan et al. [4] .
In the two-stage decision model, the sales division determines an optimal constant price * to maximize the gross profit by solving model (4) . Then, the purchasing division determines an optimal ordering decision given demand ( , * ) to minimize total cost by solving model (9) . We use these results as a baseline to evaluate potential benefits of the joint decision model, in which the firm determines pricing and ordering decisions simultaneously by solving model (11).
Pricing and Ordering Decisions for Both Models.
We report the optimal pricing and ordering decisions for both models in Table 1 . The firm charges the optimal price * = 47.5 and earns profit = 188320 for the two-stage decision model and charges the optimal price * = 52.1 and earns profit = 221860 for the joint decision model. Besides, the order policy V( ) of the two models is also different: the firm replenishes this kind of repeat-purchase product at = 7 in the two-stage decision model, but it does not in the joint decision model. Joint decision model evaluates all costs and revenue and thus finds a better way to price and order this kind of imported food. Comparing to the two-stage decision, joint ordering and pricing decisions bring in substantially extra profit (as large as 17.81%). Since the two-stage decision model maximizes the gross profit, the sales division tends to charge a lower price to increase the sales volume. We find that both the number of new adopters ( ) and the demand ( ) are larger for two-stage decision model. However, the increase in sales volume does not ensure profitability. In consequence, cooperation between the sales division and the purchasing division turns out valuable.
Since the diffusion process and repeat-purchase rate are important for repeat-purchase products, we also conduct sensitivity analysis for these two factors and examine their effects on the optimal price * and the profit .
The Influences of / .
The internal influence , the external influence , and the price jointly determine the diffusion process of repeat-purchase products when the market potential and the price parameter keep constant (see (1)). Consumers show initiative to adopt some repeatpurchase products, but they become hesitant to adopt others. That is, the internal influence and the external influence vary from different repeat-purchase products. Particularly, / has large variation for different products while + does not [4] . In consequence, we keep + constant and examine the effects of / .
We show how the optimal price * and the profit vary with / in Figure 1 . We observe that joint decision model makes the firm charge higher prices and earn more profits than two-stage decision model for all / . Since joint decision model takes all kinds of costs rather than only unit order cost into consideration, the firm has less space to offer low prices. However, cooperation between the sales division and the purchasing division makes the pricing and ordering decisions wiser and thus obtain more profits.
Besides, both the optimal price * and the profit show a decreasing trend with / for both models. When the ratio of the internal influence to the external influence / increases, consumers in the market show less innovativeness and more imitativeness. Thus, the firm should charge low prices to promote the product diffusion process and results in profit reduction.
The Influences of Repeat-Purchase Rate .
Repeatpurchase rate varies from different kinds of repeat-purchase products. Various factors such as reputation of the firm, product quality, service quality, and demographic variables may influence the repeat-purchase rate . Since both and the price influence the demand from cumulative adopters, the firm should understand how to adjust prices with regard to the repeat-purchase rate.
We show how the optimal price * and the profit vary with in Figure 2 . We find that joint decision model makes the firm charge higher or at least of the same prices and earn more profits than two-stage decision model for all . Similarly, we contribute this observation to the value of cooperation between the sales and the purchasing divisions.
Interestingly, the optimal price * decreases first, increases later, and keeps constant eventually with for both two-stage and joint decision models. First, when the repeat-purchase rate is low (i.e., < .5 in Figure 2(a) ), the firm should reduce prices with the increase of . Low prices can increase both the number of new adopters and the number of cumulative adopters who show repeat-purchase behavior, and the latter effect becomes greater when the repeat-purchase rate increases. Thus, the optimal price * decreases with when repeat-purchase rate is low. Second, when the repeat-purchase rate is fairly high (i.e., .5 < < .7 in Figure 2(a) ), the firm should increase prices with the increase of . Since the high repeat-purchase rate and low prices can at most make all cumulative adopters purchase this kind of imported food, the firm does not need to lower prices when ( / 0 −1) ≥ 1. Instead, the firm will increase prices with when the repeat purchase is fairly high. Finally, when the repeat-purchase rate is very high (i.e., > .7 in Figure 2 (a)), the firm will keep a constant, high price. The firm does not increase prices again because higher prices would shapely reduce the number of new adopters. Thus, they keep a constant, high price in this case.
The profit increases at first and keeps constant eventually with . When the repeat-purchase rate is not very high (i.e., < .7 in Figure 2(b) ), the profit increases with since the repeat-purchase behavior of the cumulative adopters increases. When repeat-purchase rate is very high (i.e., > .7 in Figure 2(b) ), however, the profit keeps constant since all cumulative adopters purchase this kind of imported food.
Concluding Remarks
This paper studies ordering and pricing problems for new repeat-purchase products. We incorporate the repeatpurchase rate and price effects into the Bass model to characterize the demand of repeat-purchase products. We consider both two-stage and joint decision models, apply them to a specific imported food provided by an online fresh produce retailer in Central China, and solve them by Gaussian Random-Walk and Wagner-Whitin based algorithms.
Three results are worthy of attention. First, joint pricing and ordering decisions bring more significant profits than Discrete Dynamics in Nature and Society making pricing and ordering decisions sequentially (as large as 17.81 percent in our case). Second, a great initiative in adoption significantly increases price premium and profit. When the ratio of the internal influence to the external influence increases, both th price and the profit decrease. Thus, the firm should make efforts to increase the initiative in adoption. Finally, the optimal price shows a U-shape (i.e., decreases first and increases later) relationship and the profit increases gradually with the repeat-purchase rate when it is still not very high (i.e., < .7). Thus, it is worthwhile for the firm to improve repeat-purchase rate to a fairly high level.
